Abstract. We address the question of non-vanishing of L(1, f ) where f is an algebraicvalued, periodic arithmetical function. We do this by characterizing algebraic-valued, periodic functions f for which L(1, f ) = 0. The case of odd functions was resolved by Baker, Birch and Wirsing in 1973. We apply a result of Bass to obtain a characterization for the even functions. We also describe a theorem of the first two authors which says that it is enough to consider only the even and the odd functions in order to obtain a complete characterization.
Introduction
To unravel the mysteries surrounding Dirichlet's theorem about non-vanishing of L(1, χ) for a non-principal Dirichlet character χ, Sarvadaman Chowla [5] made the following conjecture in the early 1960s:
Conjecture. Let f be a rational-valued arithmetical function, periodic with prime period p. Further assume that f (p) = 0 and Chowla proved this conjecture in the case of odd functions i.e, f (p− n) = −f (n) based on an outline of the proof by Siegel [5] . The complete resolution of Chowla's question in a wider setting was given by Baker, Birch and Wirsing in 1973 [2] . They proved the following general theorem:
Theorem. If f is a non-vanishing function defined on the integers with algebraic values and period q such that (i) f (n) = 0 whenever 1 < (n, q) < q and (ii) the q th cyclotomic polynomial Φ q is irreducible over Q(f (1), f (2), · · · , f (q)), then
Let us observe that in the case of Chowla's conjecture, condition (i) is vacuous as q is prime and f (q) = 0. The condition (ii) is also satisfied as f is rational-valued and the q-th cyclotomic polynomial is irreducible over Q . Thus, the Baker-Birch-Wirsing theorem implies Chowla's conjecture.
Chowla's question can be asked in the most general setting as follows: Fix a positive integer q. Let f be an algebraic-valued arithmetical function, periodic with period q. It is useful to define an L-function associated to the function f , namely,
Using the analytic continuation of the Hurwitz zeta function [7] , we can deduce that L(1, f ) exists if and only if q a=1 f (a) = 0. Thus, we can ask the following question: if f is not identically zero, then is it true that
The answer in this case turns out to be negative [2] . As an example, consider the function f defined such that
In particular,
Note that the function f is periodic with period p 2 . Taking limit of the right hand side of (1) as s → 1, we get L(1, f ) = 0, because ζ(s) has a simple pole at s = 1.
In their paper, [2] , Baker, Birch and Wirsing also give a characterization of all odd algebraic-valued periodic arithmetical functions f that satisfy L(1, f ) = 0. Since their argument is short and elegant, we describe it in the third section. Their approach suggests a change in perspective. Instead of trying to prove the non-vanishing of an expression, we will try to characterize the functions f for which L(1, f ) = 0.
Let f be any function. Then it can be written as the sum of an even function and an odd function as follows. Define f o (a) := [f (a) − f (−a)]/2 and f e (a) := [f (a) + f (−a)]/2. Then clearly f = f o + f e . In 2014, Ram Murty and Tapas Chatterjee [4] made an important observation. They proved,
In the view of this theorem, to understand the vanishing of L(1, f ) in our case, it is enough to consider even algebraic-valued periodic arithmetical functions. In the fourth section, we apply a beautiful result of Bass [3] to obtain a set of functions that act as building blocks for even algebraic-valued periodic arithmetical functions f with L(1, f ) = 0. This completes to an extent the characterization we were after.
Preliminaries
The aim of this section is to introduce notation and some fundamental results that will be used in the later part of the paper.
Let q be a fixed positive integer. Consider f : Z →Q, periodic with period q. Define
Let us observe that L(s, f ) converges absolutely for ℜ(s) > 1. Since f is periodic,
where ζ(s, x) is the Hurwitz zeta function. For ℜ(s) > 1 and 0 < x ≤ 1, the Hurwitz zeta function is defined as
In 1882, Hurwitz [7] proved that ζ(s, x) has an analytic continuation to the entire complex plane except for a simple zero at s = 1 with residue 1. This can be used to conclude that L(s, f ) can be extended analytically to the entire complex plane except for a simple pole at s = 1 with residue
exists whenever q a=1 f (a) = 0, which we will assume henceforth. Thus, L(s, f ) is an entire function.
Given a function f which is periodic mod q, we define the Fourier transform of f aŝ
where ζ q = e 2πi/q . This can be inverted using the identity
Thus, the condition for convergence of L(1, f ), i.e, q a=1 f (a) = 0 can be interpreted aŝ f (q) = 0. Substituting (2) in the expression for L(s, f ) we have,
Assuming thatf (q) = 0, specializing at s = 1 and using the Taylor series expansion of the log we conclude that
where log is the principal branch. We will also apply the famous theorem of Baker [1] concerning linear forms in logarithms and so we note it here.
Theorem 2.1. If α 1 , α 2 , · · · , α n are non-zero algebraic numbers, such that log α 1 , log α 2 , · · · , log α n are Q-linearly independent, then 1, log α 1 , · · · , log α n areQ-linearly independent.
A useful corollary of this statement is the following. Corollary 2.2. If α 1 , α 2 , · · · , α n are algebraic numbers different from 0 and 1, and β 1 , β 2 , · · · , β n are Q-linearly independent algebraic numbers then,
is non-zero and hence, transcendental.
Another helpful corollary of Baker's theorem is the following statement about linear forms in logarithms of positive algebraic numbers. For a proof of the corollary, we refer the reader to [8] . Remark. The proof for the above corollary given in [8] also goes through when the branch of logarithm chosen is the principal branch. In that case, we replace iπ by 2 log i and proceed as in [8] .
In an unpublished paper, Milnor conjectured the complete set of multiplicative relations among cyclotomic numbers in the set {1 − ζ x q : 1 ≤ x ≤ q − 1} for a fixed positive integer q. Here ζ q denotes a primitive q th root of unity. This conjecture was proved by Hyman Bass [3] in 1965. In 1972, Veikko Ennola [6] realized that the conjecture was true upto a factor of 2 and not in general. He gave a different proof of the conjecture in his paper. Since his formulation of the theorem is easier to apply in our setting, we will state it here. Let a x := log(|1 − ζ x q |). The following theorem characterizes all additive relations among the numbers {a x |1 ≤ x ≤ q − 1}.
Theorem 2.4. Consider the following two relations: For
and for any divisor d of q and 1 < d < q and 1 ≤ c ≤ d − 1,
Let R be an additive relation among the a x 's over the integers. Then, 2R is a Z-linear combination of relations of the form R 1 and R 2 .
Odd functions
In this section, we reproduce a simple argument of Baker, Birch and Wirsing [2] that gives us a necessary and sufficient condition on an odd function f such that L(1, f ) = 0. Proof. Let us note that
and so the principal value of the logarithm is
for 1 ≤ x < q. Substituting (7) in the expression for L(1, f ) as a linear form in logarithms (3), we get
Since f is an odd function,f is also an odd function. Hence,
Therefore, the last term of (8) is zero. Now, note that sin(π−θ) = sin(θ). Thus, sin(xπ/q) is an even function. Hence, log(2 sin xπ q ) is even which implies thatf (x) log(2 sin xπ q ) is an odd function. Therefore, the first term of (8),
The result is immediate from here.
Remark. The condition obtained above is on the Fourier transform of the function and not the function itself. Using the Fourier inversion formula, we can deduce a condition on the function. The condition obtained in Theorem 3.1 can be simplified to
The innermost sum can be evaluated as follows. Let T be an indeterminate. Observe that
Differentiating (9) with respect to T , we have
Multiplying the above equation by T and substituting T = ζ −n q , we get
This observation along with Theorem 3.1 gives: for f odd,
Let us note that 1 1 − ζ n q = i 2 cot nπ q + 1 2 and that since f is odd,
Hence, the condition (10) can be translated as: For odd algebraic-valued periodic functions f ,
We would like to mention that Baker, Birch and Wirsing also obtained a basis for theQ-vector space of odd algebraic-valued arithmetical functions f , periodic with period q and L(1, f ) = 0 in their paper [2] . Thus, the characterization of odd functions is complete.
Even functions
In this section, we will use a theorem of Bass that characterizes all the multiplicative relations among cyclotomic numbers modulo torsion ( [3] , [6] ). We will give a necessary condition for even periodic functions f to satisfy L(1, f ) = 0.
We define the following functions that serve as building blocks for even algebraic-valued functions, periodic with period q. d,c are arithmetical functions, periodic with period q. They are defined as follows:
otherwise. We will prove the following result in this section: Similarly, for 1 ≤ y ≤ q,
More precisely,
Thus, we note that F d,c 's are in fact, simple functions.
Proof. Let f be an even algebraic-valued, periodic function with period q, not identically zero.
We can choose an integer N such that
Asf is even and ω 1 , · · · , ω r is a basis,
Therefore,
Note that log denotes the principal branch of logarithm. Thus, arg(1 − ζ
Since c j (x) = c j (q − x), R j can be written as
Let us note that α j is non-zero, algebraic. Thus, by Corollary 2.2, if α j = 1 for some 1 ≤ j ≤ r, then L(1, f ) will be transcendental and hence non-zero. But L(1, f ) = 0 by assumption. Hence, α j = 1 and in turn R j = 0 , ∀ 1 ≤ j ≤ r. Thus, we are led to consider relations among logarithms of the cyclotomic numbers, 1 − ζ x q . Let R denote the relation 2R j = 0. By Theorem 2.4, R belongs to the Z-module generated by relations of the form (4) and (5). Since c j (x) = c j (q − x), R belongs to the Z-module generated by (5) . Indeed all relations R := q−1 x=1 C x a x = 0 in the Z-module generated by (4) satisfy C x = −C q−x , which along with the fact that C j (x) = C j (q − x) (which stem from the evenness of f ) imply that c j (x) = 0 ∀ 1 ≤ x ≤ q − 1. Thus, R is a Z-linear combination of (5) . Observe that the functions F d,c are precisely those that represent the relation (5) . This implies that the functions c j are integer linear combinations of
Taking the Fourier transform of both sides and using the Fourier inversion formula, the result follows.
Remark. On examining the above proof, we observe that we also obtain a sufficiency condition for L(1, f ) = 0. More precisely, suppose f is a given algebraic linear combination of the functions
such that f is an even function, then L(1, f ) = 0. But it does not seem easy to determine whether a given function is an algebraic linear combination of these particular functions.
As a corollary, we have: Proof. If q is prime, the set
is an empty set. The conclusion follows from Theorem 4.1.
Conclusion
The previous two sections give a characterization of algebraic-valued periodic arithmetic functions, odd and even respectively whose L-series vanish at s = 1. In this section, we mention a theorem of Ram Murty and Tapas Chatterjee [4] which nicely ties the nonvanishing of the odd and the even functions to give us the characterization required. The proof in their paper is incorrect as care was not taken regarding the branch of logarithm. The proof given below follows a different argument. As seen earlier, given any function f , we write it as f = f o + f e , where f o is the odd part of f and f e is the even part of f . 
Indeed, by (3), we know that Since f e is even, so isf e , i.e,f e (q − x) =f e (x). Thus, This completes the characterization of algebraic-valued, periodic arithmetical functions with L(1, f ) = 0.
